In this paper, a novel recursive method to identify the moment of inertia parameters of on-orbit spacecraft is proposed. Different from the frequently-used momentum conservation and least squares approach, the presented method is implemented based on the Projection Approximation Subspace Tracking (PAST), and the moment of inertia parameters can be determined recursively from the system state-space model by coordinate transformation. For a spacecraft with flexible appendages, three on-orbit cases that may cause the moment of inertia parameters to vary with time are investigated. In numerical simulations, comparing with the classical subspace method based on the singular value decomposition (SVD), the results illustrate that the proposed recursive algorithm can identify the time-varying moment of inertia parameters effectively. Moreover, the computational efficiency is also higher than that of the SVD-based method without the decomposition of the Hankel matrix.
Introduction
The on-orbit identification of inertia parameters (or called physical parameters), such as the moment of inertia, mass and center of mass, can not only monitor the system operation performance, but also can provide a reference for the parameter correction of the control system. In particular, the inertia parameters for some spacecrafts are time-varying caused by structural changes during the on-orbit operation, such as the fuel consumption, appendage deployment or space docking. Therefore, it is necessary to identify the time-varying inertia parameters of the on-orbit spacecraft to accurately estimate the system structure characteristics.
Some identification methods for the spacecraft inertia parameter had been studied, such as the momentum conservation principle [1] , least squares approach [2] and subspace method [3] . The most inertia parameter identification methods usually consider the spacecraft as a rigid body system, and the vibration effects of the flexible appendages are neglected. However, in the actual on-orbit structure, it is necessary to consider the structural vibration due to the coupling relationship between the appendage vibration and rigid body motion. In this case, because the subspace methods can be effectively used to solve the structural vibration problem, the application of the subspace methods for the identification of spacecraft inertia parameters will be discussed in this paper.
The subspace methods had been mostly used for the modal parameters identification [4] [5] . Nevertheless, few studies investigate the inertial parameters identification using the subspace method. Applying the subspace identification technique, the physical parameters of a nonlinear robot arm, such as the motor inertias, link inertias and joint-spring coefficients, were estimated by Oaki [6] . Crosnier [7] identify the physical parameters from the corrupted data when a sufficiently enlarged state-space model was reached. Moreover, the physical parameters of the dynamical model of gyro were studied by a recursive subspace identification algorithm based on the propagator [8] .
However, the aforementioned subspace approaches were mainly based on the matrix decomposition technology, such as the singular value decomposition (SVD) or QR decomposition [3, [7] [8] . If the system order is high, the dimension of the Hankel matrix is large and the computation cost is very high for the SVD and QR decomposition. In consequence, a recursive subspace algorithm called Projection Approximation Subspace Tracking (PAST) was proposed [9] . The unconstrained optimization problem is solved in the PAST instead of the matrix decomposition, and the subspace projection is applied to track the time-varying system observability matrix. The method has been employed to the identification of time-varying modal parameters. The PAST algorithm is suitable for the online real-time identification of time-varying systems because of the small computation complexity.
In this paper, different from the frequently-used subspace methods based on the SVD and QR decomposition [3, [4] [5] [7] [8] , a recursive method for the identification of spacecraft time-varying moment of inertia parameters is presented based on the PAST algorithm. Using the attitude and vibration signals of the spacecraft, the state-space model parameters of the system are obtained recursively. Moreover, considering the coordinate transformation between the original and identified state-space models, the system moments of inertia parameters are determined by extracting the corresponding block matrix. In numerical simulation, by establishing the dynamical model of the Japan Engineering Test Satellite-VIII (ETS-VIII), three on-orbit cases that may cause the moment of inertia parameters to vary with time are discussed, and the time-varying moment of inertia is identified by the proposed recursive algorithm and the SVD-based method. The results illustrate that the presented Proceedings of the 36th Chinese Control Conference July 26-28, 2017, Dalian, China method can identify the inertial parameters and has higher computational efficiency.
Spacecraft dynamical equation and data preprocessing
The on-orbit spacecraft with flexible appendages can be usually simplified as a central rigid body with N flexible appendages. If the system parameters are time-varying, the corresponding attitude and vibration equations for the rigid-flexible coupling structure can be expressed as [10] :
where the 3 3 ( ) t J is the moment of inertia matrix that requires to be identified in this paper, and the ( ) t P is the rigid-flexible coupling influence parameter matrix. The vectors and j are the attitude angle of spacecraft and the modal coordinates of each flexible appendage, respectively. f is the control torque by the reaction wheel.
2 j is the modal stiffness matrix of appendages and j is the corresponding damping ratio. 
defined and the appropriate output matrix is selected to obtain system output, then equation (3) can be rewritten to the following state-space equation as:
where
and ( ) t C are 2 2 n n system matrix, 2n r input matrix and 2 m n output matrix, respectively. The forms of matrices ( ) t A and ( ) t B are given as:
Then, equations (4)- (5) can be transformed to the following discrete form as:
(
where the ( ) k G and ( ) k H are the discrete system matrix and input matrix, respectively. Then, the system Hankel matrices can be denoted as:
and the parameter M is selected to ensure that the ranks of Hankel matrices are all larger than the system order 2n . Before the recursive subspace algorithm is applied, the input and output (I-O) data in the state space equations (8) - (9) should be preprocessed to obtain the corresponding signal vector. The signal vector can be used as an input value of recursive subspace algorithm. In this paper, a way to construct the signal vector by the URV matrix decomposition is introduced. The detailed procedures of this method are described in reference [11] , and here only the summary procedures for the signal vector updated are given as follows:
where the superscript ' † ' denotes the Moore-Penrose inverse. Using the update procedures of equations (12)- (16), the signal vector ( ) k p can be determined recursively using
3 Recursive identification of the time-varying moment of inertia parameters
PAST algorithm
After the signal vector ( ) k p is determined by the preprocessing of I-O data, the identification of time-varying system can be considered as a subspace tracking problem. By updating the signal vector ( ) k p , the time-varying system observability matrix can be tracked, and then the system state-space model is obtained recursively. The classical PAST algorithm is selected to identify the system inertia parameter in this paper. The detailed derivation of this method is not repeated here and can be found in the relevant reference [9] . The primary recursive procedures of the PAST algorithm are summarized as follows:
where the ( ) k p is the signal vector computed by the URV decomposition method in the previous section, and ( ) k W is the system observability matrix. The initial value (0) Z should be selected as a Hermitian positive definite matrix. Moreover, the matrix (0) W should be selected to ensure that there are 2n orthogonal vectors in the matrix.
Identification of the state-space model parameters
The system observability matrix ˆ( ) k W can be identified recursively by the aforementioned PAST algorithm and the corresponding form is expressed as follows:
where the superscript '^' denotes the identification value of the system. Thus, the identified system matrix ˆ( ) can be computed using the least squares estimation.
Transformation between the original and identified state-space model
According to the realization theory of state-space model [12] , there exists a matrix transformation relationship between the state vectors ˆ( )
, where the ( ) k T is a Lyapunov transformation matrix. Therefore, there also exists a following matrix transformation relationship between the identified state-space model ˆ{ ( ), ( ), 
Identification of moment of inertia parameters
Using the transformations (25)-(27), the equivalent state-space model { ( ), ( ),
, where the superscript "~" denotes the equivalent model value relative to the original system model. Then, the { ( ), ( ),
, where the matrices ( ) t A and ( ) t B are expressed as follows:
namely, the matrices ( ) t A and ( ) t B have the same form as equations (6) 
When the matrix ( ) t M is identified, the time-varying moment of inertia matrix ( ) t J can be obtained by extracting the corresponding first three rows and first three columns of ( ) t M .
Numerical simulation
To verify the identification ability of the recursive algorithm for the time-varying spacecraft moment of inertia parameters, the ETS-VIII model is established in numerical simulation. The satellite has four large flexible appendages, including a pair of antenna reflectors (hereinafter called a1 and a2) and a pair of solar panels (hereinafter called s1 and s2). A detailed model description and the corresponding simulation parameters can be found in authors' another paper [13] , and the simplified satellite structure is shown in Fig. 1 .
In the simulation, the control torque by reaction wheel is selected as the system input, and the appendage vibration and satellite attitude signals are selected as the system output. The signal-to-noise ratio (SNR) of the output signal is defined as SNR=40 dB. The Hankel matrix parameter 10 M and the sampling time 0.1 t s. Considering the three cases that the moment of inertia parameters are linear change, step change and periodical change, the recursive algorithm and the method based on SVD are used to identify the time-varying moment of inertia parameters. 
Case 1: The moment of inertia linear changes
In this case, the moment of inertia changed due to the influence of propellant consumption is discussed. Certainly, in actual on-orbit operation, the propellant consumption of spacecraft is a very slow and discontinuous process. However, to obviously represent the system time-varying characteristics, assume that the propellant consumption is 'rapid and continuous' during the operation. Based on this assumption, the mass of the satellite central rigid body has the following linear relationship as: Case 2: The moment of inertia step changes In this case, the following docking problem of the spacecraft is considered: the central rigid body docks with two extra cube structures at the Z axis (namely, the Yaw axis) as shown in Fig. 5 , where the mass of docked cube structures are both 600 kg. In the simulation, assume that the satellite center of mass will be not changed in the docking process. However, the docking will cause the size and mass of the central rigid body to vary, so the system moments of inertia also exhibit a step change. 
Case 3: The moment of inertia periodical changes
The ETS-VIII is a geostationary satellite and the panels of the satellite rotate around the pitch axis to ensure that they always face the sun, as shown in Fig. 9 . Therefore, the rotation of solar panels may cause the system moment of inertia to change periodically. Table 3 .
The results illustrate that the recursive subspace algorithm is able to track the periodical characteristics of system. Although the identified errors for the x J and z J are slightly larger than that of the SVD method, the average relative errors are still less than 3%. Finally, if the system model order is high, the computational efficiency of the two methods is compared: considering the three situations that the system order are 14, 22 and 38, the corresponding average computation time of the simulations are shown in Table 4 (30 times Monte Carlo experiments for each method). Table 4 illustrates that the computational efficiency of recursive algorithm is higher than that of the SVD method. In particular, when the system order increases, the advantage of computational time of the recursive algorithm will be more obvious. 
Conclusion
In this paper, the identification of the time-varying moment of inertia parameters for on-orbit spacecraft is studied, and a novel method based on the PAST recursive subspace algorithm is proposed. The original state-space model of the spacecraft system is computed using the coordinate transformation, and then the time-varying moment of inertia parameters are obtained recursively by extracting the corresponding block matrix of state-space model.
In numerical simulation, the three on-orbit cases that may cause the moment of inertia to vary with time are discussed. The results show that the proposed recursive algorithm can effectively identify the time-varying moment of inertia parameters and has higher computational efficiency than the classical subspace method. Therefore, the recursive algorithm is more suitable for the on-line identification of time-varying systems. In future work, how to improve the tracking ability of the algorithm in a lower SNR will be studied.
